The Gamow-Teller (GT) strength distributions and isobaric analog resonance (IAR) states of several N = Z + 2 nuclei with mass number A = 42-58 are studied by using a self-consistent Skyrme Hartree-Fock-Bogoliubov method plus quasiparticle random phase approximation (HFB+QRPA) formalism. The isoscalar spin-triplet pairing interaction is included in QRPA on top of the isovector spin-singlet one in the HFB method. It is found that the isoscalar pairing correlations mix largely the (νj > → πj < ) configurations into the low-energy states, and this mixing plays an important role in the formation and in the collectivity of these low-energy states. Furthermore, the observed excitation energy of the low-energy GT state with respect to the IAR can be well reproduced when the strength of isoscalar pairing is about 1.0-1.05 times that of the isovector pairing, irrespective of the adopted Skyrme interactions. In N = Z + 2 nuclei in the middle of the pf -shell, a mutual cooperative effect of isoscalar pairing and tensor interaction is found; namely, the tensor force reduces the spin-orbit splittings and enhances the effect of the isoscalar pairing.
I. INTRODUCTION
The effective nucleon-nucleon interactions that are employed within self-consistent mean-field approaches have recently reached a high level of sophistication, and have become quite successful in describing many nuclear properties. Though they can be based on different kinds of Ansätze, as a rule central, spin-orbit, and tensor terms show up. In open-shell nuclei the pairing interaction or, in fact, its isovector (T = 1, S = 0) part, was originally introduced to account for the odd-even binding energy staggering and the gap in the excitation spectrum of even-even and odd-A nuclei [1] [2] [3] . One of the widely used mean-field approaches is based on zero-range Skyrme forces: in this case, Hartree-Fock (HF) + Bardeen-Cooper-Schrieffer (BCS) equations [4] or Hartree-Fock-Bogoliubov (HFB) equations [5] , which include the pairing interaction, are solved to study the ground state properties of the open-shell nuclei [6] [7] [8] [9] . On top of this groundstate solutions, the self-consistent quasiparticle random-phase approximation (QRPA) has been adopted by some authors to study the collective excited states [10] [11] [12] [13] [14] [15] .
The parameters that characterize the effective interactions can be fitted by using empirical properties of uniform nuclear matter as well as a few ground-state (or sometimes excited state) properties. However, some channels of the interactions are not well constrained, one of the clearest examples being the pairing interaction between protons and neutrons in the isoscalar spin-triplet (T = 0, S = 1) channel. Indeed, there is no consensus on the observables that can be directly related to such a channel, and signatures of strong neutron-proton particle-particle (pp) correlations have not yet been found, despite several efforts [16] [17] [18] [19] [20] [21] [22] .
It has been well known that one of the effects of this isoscalar spin-triplet force is to give rise to the deuteron bound state. Although some speculations have been made about the relevance of a n-p pairing force in nuclei with N = Z, there is no unambiguous evidence of its effects, let alone evidence of a p-n condensate. Effects of isoscalar pairing may be present in charge-exchange excitations and related phenomena. In Refs. [12, 23, 24] it has been shown that in self-consistent HFB + QRPA calculations, the isoscalar pairing interaction shifts low-energy Gamow-Teller (GT) strength downward so that by fitting the n-p pairing strength, at least locally, one can account for the β-decay half-life in neutron-rich nuclei which are important for the r-process nucleosynthesis. The isoscalar pairing interaction is also important for the double-β decay [25] . In Ref. [26] , the T = 0 pairing is included in HF-BCS plus QRPA calculations which can well reproduce the energy difference between the Gamow-Teller resonance (GTR) and isobaric analog resonance (IAR) main peaks. However, since not only the isoscalar pairing but other terms of the effective interactions such as the spin two-body terms, spin-orbit one-body term, and tensor terms may also affect the main peak and low-energy tail of GTR [27] [28] [29] [30] [31] , one could not extract from those calculations firm constraints for the isoscalar pairing interaction. Moreover, the nuclei studied so far have neutron excess and are not close to the regions where isoscalar pairing effects are expected to show up. At the same time, the higher order multipole of charge-exchange transitions, such as the spin-dipole and spin-quadrupole transitions, will receive contributions from both the isoscalar and the isovector pp channels; therefore, one is bound to come back to GT calculations and consider specific nuclei and/or specific properties to pin down unambiguous information about isoscalar pairing.
In Ref. [32] , a two-peaked structure was observed in the N = Z nucleus 56 Ni and this can provide some insightful information on the isoscalar pairing. Then, the GT transitions in 56 Ni together with other N = Z nuclei were studied by employing the HFB + QRPA theory [33] , and this study has highlighted the formation of low-energy GT states in several f -shell nuclei, induced by the isovector and isoscalar pairing interactions and having reasonably strong strength. Recently, it was reported that strong GT states are experimentally observed, only slightly higher than the IAR, in some N = Z + 2 nuclei with mass number A = 42-54 [34] . Due to the specific selection rules, the GT transitions connect either j ≷ (= l ± 1/2) and j ≷ (= l ± 1/2) single-particle states, or j ≷ and j ≶ single-particle states, while the IAR is only made up with the former type of transitions. Usually, the former type of transitions is ≈3-7 MeV lower than the latter type of transitions due to the spin-orbit splitting. Therefore, the GT strength is split in two regions: although residual interaction terms move the strength with respect to its location in terms of unperturbed particle-hole (ph) transition, still we can say that roughly the high-energy region is usually about 3-7 MeV higher than the low-energy region. The high-energy region is usually the one in which most of the strength is found in nuclei with neutron excess N > Z + 2. Consequently, in these nuclei the main peaks of GT transitions are found at much higher energy than the IAR states except very heavy nuclei such as 208 Pb. On the other hand, the lowest GT states observed in Ref. [34] are the low-energy transitions which are expected to be more sensitive to isoscalar pairing because they must involve mainly time-reversed p-n orbits. Moreover, in Ref. [35] , Tanimura et al. applied a three-body model to study the energy inversion of 1 + and 0 + states that determine the character of the ground states of several odd-odd N = Z nuclei in p-, sd-, and pf -shell regions by including the spin-triplet pairing. They have pointed out the important role of strong spin-triplet pairing interaction not only for the energy, but also the GT and magnetic dipole transitions of these nuclei.
In this paper, we apply the HFB + QRPA method to study the GT states excited from some N = Z + 2 nuclei with mass number A = 42-54 by charge exchange reactions that have been measured by Fujita and collaborators [34] . Our specific purpose in this paper is to find a clear, unambiguous signature of the isoscalar pairing and even a quantitative constraint for its strength. This paper is structured as follows. In Sec. II we briefly describe the HFB + QRPA method used in our calculation. In Sec. III we show the evolution of the GT strength distributions as a function of mass number and isoscalar pairing strength, focusing on the emergence of low-lying GT states. In Sec. IV we discuss each nucleus in more detail, by focusing on the mechanism through which the isoscalar pairing strength creates low-lying GT states, and disentangling the effect of tensor correlations.
II. FORMALISM
As explained in the Introduction, we aim to pin down constraints on the different channels of the pairing interaction.
We introduce them in the form of density-dependent, contact (i.e., zero-range) surface pairing interactions,
where r = (r 1 − r 2 )/2, ρ 0 is taken to be ρ 0 = 0.16 fm −3 , and P σ is the spin exchange operator. Since the T = 0 pairing strength is not yet well constrained, we take f as a free parameter; in our QRPA calculations, it takes the values 0.0, 0.5 0.9, 0.95, 1.0, 1.05, and 1.1.
In the mean-field channel, we employ in our calculations the Skyrme parameter sets SGII [27] , SGII + Te3 [36] , and SAMi [37] . We remind that SGII was fitted to reproduce proper values of the Landau parameter G 0 . In the case of SAMi the same strategy was adopted on top of the Lyon force fitting protocol, and moreover we checked that one can well reproduce the GT excitation energy of some closed-shell nuclei. Finally the SGII + Te3 interaction reproduces the GT and spin-dipole excitation energies in 90 Zr and 208 Pb with the inclusion of the tensor force.
In HFB the maximum angular momentum J max = 15/2, and the maximum quasiparticle energy cutoff 180 MeV, are used. The strength of the T = 1 pairing is determined to reproduce the odd-even mass staggering gap (4) 3 for SGII, SGII + Te3, and SAMi, respectively. The mean pairing gaps of these five nuclei are shown in Fig. 1 . We stress again that the results labeled by SGII + Te3 are calculated with tensor force, and those labeled by SAMi and SGII are calculated without tensor force. For SGII + Te3 and SAMi, the T = 1 pairing strengths are adjusted to reproduce the value of (4) n within 0.2 MeV difference, while SGII cannot attain this criterion.
After HFB calculations, in order to obtain the canonical basis, we diagonalize the density matrix by using an intermediate basis, that is, by orthonormalizing the set of functions 42 Ca, 46 Ti, 50 Cr, 54 Fe, and 58 Ni compared with the quantity (4) described in the text. [11] . After the canonical basis is obtained, we solve the the pn-QRPA equation
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The effective residual ph interaction is in principle composed of terms derived from the Skyrme, Coulomb, and pairing interactions. These terms are derived by the second derivative of the energy density functional with respect to the density [11, 38] . Due to the isospin selection rules, the contribution of the Coulomb interaction to the pn-QRPA matrix element is zero. In addition, the pairing interactions adopted in the present study do not provide any contribution to the ph channel because of their linear dependence on the density. In the pp channel, there are contributions from T = 1 and T = 0 pairing interactions defined in Eqs. (1) and (2). For the IAR, only T = 1 pairing gives a finite contribution, while this statement is true for the T = 0 pairing in the case of the GTR. This is a property of zero-range pairing forces. After diagonalizing the QRPA matrix, the strength associated with the operatorÔ can be calculated by
with τ being ±1 according to whether the operatorÔ is even or odd under time reversal. We can also define the transition amplitude (A pn ) of a configuration such as that in the t − channel,
This can be used to evaluate the contribution of a p-n configuration to a given collective excited state. For GT and IAR, the operatorÔ ± readŝ
respectively, in terms of the standard isospin operators, t ± = 1 2
(t x ± it y ). We finally remind that, in the QRPA calculations, there exists a model-independent non-energy-weighted sum rule (NEWSR) for the GT and IAR transitions:
In our QRPA calculations the GT sum rule of each nucleus is checked and found to fulfill the model-independent channel within 1%.
III. LOW ENERGY COLLECTIVE GT STATE IN N = Z + 2 NUCLEI WITH A = 42-58
The GT strength distributions calculated with the factor f taking the values f = 0.0, 0.5, 1.0, and 1.1, together with the IAR states, in 42 Ca, 46 Ti, 50 Cr, 54 Fe, and 58 Ni are shown in Fig. 2 , where the excitation energy E x is shown from the ground state of the initial nuclei. The Skyrme parameter set SAMi is used. This force has been fitted so as to reproduce the GT main peak energies in stable nuclei 90 Zr and 208 Pb. As shown in the figure, when f = 0.0,0.5, which means without or with a weak isoscalar pairing, the GT strengths are found in the high-energy region, defined here as the region above 14 MeV and thus, also above the IAR. More precisely, in 42 Ca and 46 Ti, the GT peaks are split into two peaks, while a single peak is found in 50 Cr, 54 Fe, and 58 Ni. The low-energy peak is located above the IAR in each nucleus. The strength of the low-energy peak is decreasing for the larger mass nuclei and is almost invisible in 58 Ni. The main peak is found at about 16-17 MeV in each nucleus, which is about 5 to 6 MeV higher than the low-energy peak, and about 7-8 MeV higher than the IAR peaks.
When the factor f is increased up to values 1.0-1.1, the low-energy peaks are shifted downward close to the IAR, and even below the IAR if f = 1.1. Moreover, the strength in the low-energy peaks are dramatically enhanced, especially in 42 Ca and 46 Ti, exhausting about 70% of the Gamow-Teller sum rule 3(N − Z) = 6. In 50 Cr the low-energy peaks exhausts a similar amount of GT strength as the high-energy peak. In 54 Fe and 58 Ni, the strength in the low-energy peaks is also increased but still not strong compared with the high-energy peak.
Thus, it is quite clear that the isoscalar pairing is the driving force to create some collective low-energy GT states in these N = Z + 2 nuclei. More quantitative aspects about the strength of those states, and details about the underlying mechanism will be discussed in the next section.
The strength evolution in the low energy peak can be qualitatively understood by the coefficients of the pp and ph terms of Eq. (5). In general, the ph residual interaction in the spin-isospin channel is repulsive and shifts the strength upward (especially in the high-energy peak which is dominated by the j > → j < transition); the pp residual interaction is attractive and shifts the low-and high-energy peaks downward. In the cases under study, the important configurations are (ν1f 7/2 ,π 1f 7 /2) and (ν1f 7/2 ,π 1f 5/2 ), which can be denoted by j > → j > and j > → j < , respectively. The associated coefficients for the diagonal matrix elements, cfph ≡ u p v n u p v n + v p u n v p u n and cfpp = u p u n u p u n + v p v n v p v n for the two configurations are displayed in configuration (ν1f 7/2 ,π 1f 5/2 ) in 42 Ca, cfpp is four times larger than cfph. This means that in this nucleus the high-energy peak will receive a strong effect from the pp channel, and as a consequence the strength in the high-energy region is shifted largely to the low-energy region. As a result, about 80% of the strength is found in the low-energy region. In 46 Ti, the ratio cfpp/cfph decreases to about 1.5 and the QRPA results show again that a substantial portion of the strength is shifted to the low-energy region. In 50 Cr, this ratio decreases further to about 0.5. That means that the high-energy region is subject to the effect of the ph interaction, and only a small part of the strength is shifted to the low-energy region. In 54 Fe, the ratio becomes about 0.25, so that the effect of pp interaction is marginal, and a very small amount of strength is shifted from the high-energy region to the low-energy region. In 42 Ca, it turns out that the ph interaction is very much suppressed and most of the strength is distributed in the low-energy region. In conclusion, our results allow us to clearly pinpoint the competition of ph and pp interactions, and consequently assess the role of the T = 0 pairing, even if effects that may change the detail of the strength distribution, such as deformation effects or coupling with complex configurations beyond two-quasiparticle ones, are not included.
IV. SUM RULE VALUES AND MECHANISMS FOR THE EMERGENCE OF LOW-LYING GT STATES
In this section, we discuss the cumulative sum rule and the role of T = 0 pairing correlations to enhance the low-energy GT states in each nucleus. We also single out other effects, like that of tensor correlations.
A. 42 Ca
Since the tensor correlations have been reported to affect significantly the collective GT and spin-dipole states, we have done calculations using either SGII or SGII + Te3, as explained above.
In Fig. 3 , it is shown that the inclusion of tensor force shifts the high-energy peaks downward by about 1.2 MeV in the cases of f = 0.0 and 0.5. Although in the case of stronger isoscalar pairing strength the main effect on the high-energy peak is to reduce its strength, we also notice that it is shifted downward by about 1 MeV. On the other hand, the low-energy peaks that appear in the strong T = 0 pairing case do not get any significant effect by the tensor correlations, and their peak energies are almost the same when we use either SGII or SGII + Te3. These results indicate that the effect of the tensor force is suppressed on the low-energy peak or overwhelmed by the effect of pairing.
Let us now discuss the mechanism for the enhancement of the GT strength in the low-energy region. In the singleparticle picture, the (j > → j > ) transition will be the dominant transition mode in the low-energy region, and this will be (πf 7/2 ,νf 7/2 ) in these N = Z + 2 nuclei with A = 42-54. On the other hand, the (j > → j < ) transition will contribute as the dominant configuration for the high-energy GT state. We define a quantity that allows us to quantify the contribution of different unperturbed transitions, lying at different excitation energies, namely the cumulative sum of the GT transition matrix elements of Eq. (8) that is defined by the following formula:
Here the energy E unp corresponds to the difference between proton and neutron "single-particle-like" energies, that are defined as the diagonal matrix elements of the HartreeFock field (in the canonical basis). Figure 4 shows the GT transition amplitudes A (upper panel) defined in Eq. (8) and the cumulative sum of these transition amplitudes defined by Eq. (13) for the low-energy GT states as a function of E unp in 42 Ca. These low-energy GT states are selected at E = 10.82 MeV when f = 0.0 and at E = 6.66 MeV when f = 1.1 (they are calculated by using SGII + Te3, so they are visible in Fig. 3 ). When there is no isoscalar pairing in QRPA (f = 0.0), there is only one dominant configuration (πf 7/2 ,νf 7/2 ) at E unp = 5.45 MeV contributing to the GT strength. On the other hand, when a strong isoscalar pairing strength (f = 1.1) is taken, that configuration makes still an important contribution, but the configurations (πf 5/2 ,νf 7/2 ) and (πf 7/2 ,νf 5/2 ), respectively at E unp = 11.6 and −3.4 MeV, also contribute with the same phase. Altogether, the strong isoscalar pairing increases the GT strength of the state at E = 6.66 MeV by more than a factor of 2. This strong collective GT state was called the low-energy super-GT state in Ref. [34] , reflecting the fact that the strong transition will be induced between the members of SU(4) "supermultiplet" symmetry.
The cumulative sum of the GT strength is defined as
taking into account the discrete states at the excitation energy E n together with the continuum GT strengths. The cumulative sum of the GT strength in 42 Ca calculated by the SGII + Te3 interaction with the IS pairing strengths f = 0.0, 0.5, 1.05 are shown in Fig. 5 . The calculated results are compared with the experimental data taken from Ref. [34] . For 42 Ca, the experimental data show that most of the GT strength is concentrated in the lowest GT state at 0.611 MeV, with a small amount of strength distributed around 4 and 10 MeV. The QRPA results with f = 1.05 also show most of the strength concentrated in the lowest GT state around 0.6 MeV, with small amounts distributed around 5.5 and 10 MeV. Thus, the calculated results with the strong T = 0 pairing show a good agreement with the cumulative sum that has been experimentally measured, while this cumulative sum rule 054335-5
FIG. 5. (Color online)
The cumulative sum of the GT strength in 42 Ca, calculated by SGII + Te3 interaction with f = 0.0, 0.5, 1.05. The blue line is the experimental result taken from Refs. [34] . The excitation energy is referred to the IAR. The maximum values of theoretical GT strengths are normalized to that of the experimental result.
would be very different without T = 0 pairing, as in that case there would be not much strength below 3 MeV and there would be no good correspondence with the experimental data.
B. 46 Ti
In Fig. 6 , the effects of the tensor correlations on the GT states in 46 Ti are shown by using SGII and SGII + Te3 interactions. In the case of no or weak T = 0 pairing with f = 0.0 and 0.5, the high-energy peak is shifted downward   FIG. 6. (Color online) The same as Fig. 3 , in the case of 46 Ti.
FIG. 7. (Color online)
The same as Fig. 4 , in the case of 46 Ti. by 1.7 MeV due to the tensor correlations. In the cases of stronger T = 0 pairing, the downward shift is quantitatively similar. Since 46 Ti has more valence particles in the pf -shell than 42 Ca, this energy shift is larger in 46 Ti than in 42 Ca. For the low-energy peak one obtains again a small effect from the tensor correlations, as in 42 Ca. The GT transition amplitudes of the two GT states at 11.3 MeV in the case of f = 0.0 and at 7.6 MeV in the case of f = 1.1 are shown in Fig. 7 . When there is no isoscalar pairing (f = 0.0), the configuration (πf 7/2 ,νf 7/2 ) at E unp = 6.1 MeV is the dominant configuration while the contribution from the (πf 7/2 ,νf 5/2 ) configuration at E unp = 11.8 MeV is smaller and even in opposition of phase. When the strong isoscalar pairing is introduced with f = 1.1, the transition amplitude of (πf 7/2 ,νf 7/2 ) decreases, but that of (πf 7/2 ,νf 5/2 ) increases and becomes coherent with the other contribution. Moreover, other small yet non-negligible coherent contributions show up, and this produces a strong GT transition strength as is seen in the lower panel.
The cumulative B(GT) sum for 46 Ti is shown in Fig. 8 . C. 50 Cr Figure 9 shows the calculated results in 50 Cr obtained by using SGII and SGII + Te3, that is, without and with the tensor force respectively. Compared with the two nuclei 42 Ca and 46 Ti, tensor correlations have larger effects on both the excitation energy and the GT strength; the high-energy peak is shifted downward by about 2 MeV and even the low-energy peak is shifted by about 0.5 MeV. The GT strength of the low-energy peak in the case of strong T = 0 pairing with f ≈ 1.0 is also enhanced by 50% by the tensor correlations. This is due to the fact that 50 Cr is a midshell nucleus and gets easily a strong effect from the tensor force.
The transition amplitudes and their cumulative sum are shown in Fig. 10 , for the two GT states lying at 11.5 MeV in the case of f = 0.0, and at 8.3 MeV in the case of f = 1.1, respectively. In the case of no isoscalar pairing, the transition amplitudes show similar features in the case of 46 Ti; namely, the contribution of (πf 7/2 ,νf 7/2 ) at E unp = 6.7 MeV is the dominant one while (πf 7/2 ,νf 5/2 ) at E unp = 11.0 MeV gives a small contribution with the opposite sign. In the case of strong isoscalar pairing, these two configurations display large contributions with the same phase, which enhances the GT strength by about a factor of 8 compared with the state at 11.5 MeV that exists in the case of no isoscalar pairing.
In general, in the three nuclei 42 Ca, 46 Ti, and 50 Cr, the low excitation energy GT state takes a contribution from the νj > → πj > state only, in the case of no or weak isoscalar pairing correlations. On the other hand, the isoscalar pairing correlations shift the contribution of the νj > → πj < amplitude to the low-energy GT state(s) and affect as well the relative phase, so that the coherent sum of νj > → πj > and νj > → πj < transition amplitudes contributes to build up a relatively strong GT state. The cumulative B(GT) sum for 50 Cr is shown in Fig. 11 for SGII + Te3 with the isoscalar pairing given by f = 0.0, 0.5, and 1.05. In 50 Cr, the QRPA result with f = 1.05 reproduces well the GT strength distribution in the energy region lower than ≈ 6 MeV, while there is only small strength below 5 MeV in the cases of no IS pairing and weak IS pairing with f = 0.0 and 0.5, respectively. The calculations show a concentration of the strength in the high-energy region rather than fragmented in a bump-like distribution as observed in the experiment. In general, QRPA does not by construction include all spreading effects and we do not aim at comparing the line shape with experiment in this work. 
D. 54 Fe
The effect of the tensor force is displayed in Fig. 12 by means of the comparison, as above, between the SGII and SGII + Te3 interactions. Compared with the three lighter nuclei with N = Z + 2 that we have discussed so far, the tensor correlations in 54 Fe are crucial to allow the isoscalar pairing giving an effect. In the upper panel of Fig. 12 , one can note that the isoscalar pairing does not change the GT strength distributions, even when it is strong (f = 1.0 and 1.1), without the tensor correlations. On the other hand, when tensor correlations are present, the GT strength distribution is markedly affected both in energy and strength by the isoscalar paring, as can be seen in the lower panel of Fig. 12 . With the strong isoscalar pairing, the high-energy peak is quenched substantially and shifted downward by more than 2 MeV. At the same time, the low-energy peak is enhanced by a factor of 2 in the case of f 1.0. For 54 Fe and 58 Ni (to be discussed below) the p orbits are also equally important for the GT as the f -shell configurations. In Fig. 13 two states are shown at 12.1 MeV with f = 0.0 and 8.9 MeV with f = 1.1, respectively. When no isoscalar pairing is introduced with f = 0.0, (πp 3/2 ,νp 3/2 ) at E unp = 7.5 MeV is the dominant configuration, while in the case f = 1.1 the two configurations (πf 7/2 ,νf 5/2 ) at E unp = 10.6 MeV and (πf 7/2 ,νf 7/2 ) at E unp = 7.3 MeV contribute mainly to build a strong GT transition with the same phase. Thus, the cumulative sum is large in the case of strong isoscalar pairing, and the GT strength becomes one order of magnitude stronger than in the f = 0.0 case.
The cumulative B(GT) sum for 54 Fe is shown in Fig. 14 . For 54 Fe, there is just about 10% of the total strength distributed in the energy region lower than 4 MeV (with a lowest state at 0.936 MeV) and there is a bump-like strength in the energy region from 4 to 12 MeV. The QRPA results by SGII + Te3 with the strong isoscalar pairing produce a larger portion of the GT strength in the low-energy region, while with weak or no isoscalar pairing there is essentially no strength below 5 MeV. The QRPA results calculated by SAMi and SGII show about 10% of the strength distributed in the low-energy region with a stronger concentration in the high-energy region at about 7 MeV. Consequently, the QRPA calculations using SAMi in Fig. 2 and SGII in Fig. 12 can reproduce well the portion of the GT strength in the energy region below 4 MeV as compared with SGII + Te3, in which the attractive tensor force tends to shift too much GT strength to the low-energy region.
E. 58 Ni
The effect of the tensor force is shown in Fig. 15 by means of a comparison between SGII and SGII + Te3. Just like in the case of 54 Fe, the isoscalar pairing does not affect the main GT peak at E ≈ 17 MeV without the tensor force, while the GT strength around the IAR peak is slightly changed. On the other hand, with the tensor correlations included, the main GT peak is shifted downward by more than 2 MeV; moreover, in this case a substantial amount of GT strength is shifted to the lower energy peak in the case of strong isoscalar pairing.
The transition amplitudes and their cumulative sum for the low-energy collective states are shown in Fig. 16 . The nucleus 58 Ni involves many pf -shell configurations, even more than 54 Fe, and many unperturbed transitions contribute to the GT strength. For 58 Ni, the amplitudes of two states are compared in the upper panel of Fig. 16 .
F. Characteristic features of the GT distributions in the five nuclei
In 42 Ca, the results with the strong isoscalar pairing f ≈ 1.0 account well for the observed low-energy GT strength below 4 MeV, while those with no or weak isoscalar pairing fail to reproduce the experimental data. For the high-energy region above 4 MeV, the present calculations with the strong IS pairing, f = 1.0 or 1.1, can reproduce the strength distribution of 42 Ca, but for the heavier nuclei the calculations show a strong concentration of the strength which is different from the experimental data. In addition, the calculations with SGII + Te3 produce a notably higher portion of strength distributed in the low-energy region which means that the tensor force, rather than just the isoscalar pairing force, can affect the ratio of the strengths in the low-and high-energy regions. Namely, the cooperative effect of isoscalar pairing and tensor interaction is noticeable in the low-energy strength in the nuclei at the middle of the pf -shell such as 50 Cr, as is shown in Fig. 17 . The enhancement of the low-energy strength below 4 MeV is clearly seen in the dash-dotted curve of SGII + Te3 in Fig. 17 in comparison with the dotted curve of SGII without tensor. It is interesting also to notice that SAMi gives an appreciable low-lying strength lying between the two curves of SGII and SGII + Te3. [34, 39] . The excitation energy is in reference to the IAR. The maximum values of theoretical GT strengths are normalized to that of the experimental result.
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There is some fragmentation of the strength in the highenergy region which is still an open question for our present spherical two-quasiparticle QRPA calculation. In general, as we already stressed, we do not aim at reproducing the details of the line shape for the strength distribution. It should be noted that 50 Cr and 54 Fe are likely to be deformed. The deformation effects on the GT strength have been studied for several N = Z nuclei in the 28 < Z < 50 region [40] , and also in the case of the N = Z + 2 nuclei 74 Kr, 54 Fe, and 58 Ni [41, 42] (cf. also [43] and references therein). It was shown that deformations (especially oblate) may cause an obvious fragmentation, for instance in the high-energy region of 74 Kr, as compared with the spherical case [41] . At the same time, it was shown in Ref. [42] that there is no fragmentation in 54 Fe and 58 Ni caused by deformation. We should also remind that the coupling with 2p-2h or four-quasiparticle states [44, 45] , or the particle-vibration coupling (cf. [46, 47] and references therein), are not only effective to produce the GT resonance spreading width but at the same time induce strength fragmentation, that increases with increasing excitation energy.
V. CONSTRAINT FOR THE ISOSCALAR PAIRING STRENGTH
The energy differences between the lowest GT and IAR states in N = Z + 2 nuclei with mass number A = 42-58 obtained by HFB + QRPA calculations are shown in Fig. 18 , and compared with the experimental measurements from Refs. [34, 39] . The Skyrme parameters SGII, SGII + Te3, and SAMi are used, and systematic calculations are done by varying the T = 0 pairing interaction strength, that is, by using f = 0.0, 0.5, 0.9, 1.05, and 1.1 [cf. Eq. (2)]. In panel (a), the results of SGII are shown, in which the results of 42 Ca, 46 Ti, and 50 Cr suggest the optimum value of 1.05 for f . For 54 Fe and 58 Ni, due to the fact that the isovector pairing is somewhat weak (see Fig. 1 ) and the effect of isoscalar pairing does not manifest itself strongly, the results obtained with f = 0.9, 1.0, and 1.05 are quite close and are all acceptable in comparison with the experimental data. In panel (b), SGII + Te3 is used (that is, the tensor force is included) and the mean pairing gap in Fig. 1 is more reasonable as compared with the empirical findings. As a consequence, the effects of isoscalar pairing are more evident, and the results indicate that f = 1.05 reproduces well the empirical energy differences between GT and IAR. The interaction SAMi also reproduces reasonably the empirical pairing gaps for the five nuclei in Fig. 1 . As shown in panel (c), the GT and IAR energy differences indicate the optimal value of f = 1.0-1.05. For all three interactions SGII, SGII + Te3, and SAMi, the optimal isoscalar pairing strength is almost the same with f = 1.0-1.05 multiplied by the isovector paring strength for each Skyrme interaction. Thus, we can conclude that the T = 0 pairing strength is determined rather uniquely in the study of energy differences between IAS and GT states in the nuclei with N = Z + 2.
VI. SUMMARY
HFB + QRPA calculations with the Skyrme forces SGII, SGII + Te3, and SAMi have been performed to study the low-energy GT states in several N = Z + 2 nuclei with A = 42-58. The isoscalar pairing interaction is taken into account in the QRPA calculations and is shown to have an important effect on the collective low-energy excited GT states in these nuclei.
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Without the isoscalar pairing correlations, the low excited GT states are dominated by the (νj > → πj > ) configurations. When the strong isoscalar pairing interaction f ≈ 1.0 in Eq. (2) is introduced, the (νj > → πj < ) configurations are largely mixed with the (νj > → πj > ) configurations and enhance the GT strength at least several times more than in the case without the isoscalar pairing. In addition to this important effect on the GT strength, the low excited GT states are shifted downward in energy.
This effect is not decoupled, however, from that of the tensor force. We have examined the role of the tensor force by comparing the results of SGII and SGII + Te3. In 42 Ca and 46 Ti, the effect of the tensor force is invisible in the low-energy peaks, while the high-energy peaks are shifted downward in energy by 1-2 MeV. In the middle of the pf -shell, the low-energy peaks are also affected significantly by the tensor force, both in energy and in strength, in 50 Cr, 54 Fe, and 58 Ni. This difference is mainly due to the presence of several configurations excited from both f -and p-orbits in the GT states of the heavier pf -shell nuclei.
To highlight these points, in our paper we have carried out systematic calculations, with different strengths of the isoscalar pairing, and compared our results with the empirical energy difference between the low excited collective GT and IAR states of five nuclei with N = Z + 2. Our main result is that the optimal strength of the isoscalar pairing is obtained to be 1.0 to 1.05 times the isovector pairing strength, independent on the adopted Skyrme interaction. In other words, the isoscalar pairing strength is determined unambiguously in the present study of the low energy GT strength.
The global GT strength distribution has also been discussed by means of the cumulative GT sum plots. For 42 Ca, the cumulative sum of the experimentally observed GT strengths is qualitatively and quantitatively well reproduced by the present calculations with the strong isoscalar pairing f ≈ 1.0. In 46 Ti, 50 Cr, 54 Fe, and 58 Ni, the present QRPA calculation can reproduce the position and the portion of strength of the GT states in the low-energy region (i.e., within 4 MeV above the IAR). In the higher energy region, the empirical GT strength is fragmented in many bump-like states; the QRPA calculations show that the GT strengths are concentrated in one main state. This is probably not surprising as we miss spreading effects that go beyond the simple QRPA.
Finally, it is confirmed from the present study that the excitation energies and strengths of the low energy GT states in N ∼ Z nuclei could be one of the most promising candidates to disentangle the isoscalar pairing correlations and constrain the corresponding strength.
